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Abstract 

For n > 5 the natural permutation module for the alternating group 2t„ has a unique 
non-trivial composition factor, being called its natural simple module. We determine the 
vertices and sources of the natural simple 2l„-module over fields of characteristic 2. 

Mathematics Subject Classification: 20C20, 20C30 

1 Introduction and result 

One of the leading themes in the representation theory of finite groups is the question how far 
the p-modular representation theory of a given group is determined by local data, that is by its 
p-subgroups and their normalisers. From this viewpoint, it is immediate to ask for the vertices 
and sources of the building blocks of all modules, namely the simple ones. Although not too 
much seems to be known in general, in recent years the picture has changed considerably for 
the symmetric group &n on n letters, see for example the survey |3j. Now it is natural to 
ask how the vertices and sources of the simple ©„-modules and those of the constituents of 
their restrictions to the alternating group 2t„ are related, and here in particular the natural 
©n-module immediately springs to mind. The vertices and sources of the natural 6„-module 
have been determined in [13], and indeed the latter paper is the starting point of the present 
work. As it turns out, the case of even characteristic is by far the most interesting one. 

Hence, let F be an algebraically closed field of characteristic 2, let n > 3, and let D := 

be the natural simple -FS„-module, that is, D is the unique non-trivial composition factor of 

the natural permutation Fe„-module M := M^""^'^) := Ind|^_^(F). Now Res^{D) splits 

into two non-isomorphic simple modules ^'^^ if n < 5, and otherwise Res^(D) =: E'q" ^'^^ 
remains simple (cf. [1]). In consequence of Mackey's Decomposition Theorem, we deduce that 
^'^^ is the unique non-trivial composition factor of the natural permutation F2l„-module 
Ind|;^_^(F) ^ Res|;;(M) if n > 5, and we call the natural simple F2l„-module. If 

n < 5 then Ind^_^(F) has two non-trivial composition factors, E^'^^ and E^'^\ respectively, 
also called the natural simple F2I3- and F2l4-modules, respectively. 

Our main aim now is to prove the following theorem. Part of the assertions, listed for the sake 
of completeness, are fairly immediate, and already covered in the subsequent remark. There 
we also comment on the odd characteristic case, and recall the results on the vertices and 
sources of the module D from 

Theorem 1.1. Let F be an algebraically closed field of characteristic 2, and n > 3. Let E be 
the natural simple F%n-module, and let further Q be a vertex of E. Then the following hold: 

(i) If n is odd then Q is conjugate to a Sylow 2-subgroup o/2l„_3, and E has trivial source, 
(a) If n > Q is even then Q is a Sylow 2-subgroup of^n, and Res^{E) is a source of E. 
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(in) If n = A then Q is the Sylow 2-subgroup of and E has trivial source. If n = 6 then 
Q is conjugate to (62 x S2 x 62) H Slg, and E has a source of dimension 2. 

Remark 1.2. (a) For the moment, we consider representations over an algebraically closed 
field of odd characteristic p, and let p < n. Then the natural simple module D is not isomorphic 
to its conjugate counterpart D' := Z)®sgn, where sgn denotes the sign representation. Hence 
we have the natural simple F2ln-module E := Res^{D) ^ Res^{D'). By [HI Thm. 1.2, 
1.3], the vertices of D coincide with the defect groups of its block, which are contained in 2l„ 
anyway and thus are the vertices of E as well. Moreover, D and E have the same sources, 
which are trivial if p f n, while if p | n then are the restrictions of D to its vertices. This settles 
the case of odd characteristic, hence from now on we again stick to even characteristic. 

(b) In the case n = 3, the simple FSa-module as well as the simple FSls-modules E^^'^^ 
are projective and have thus trivial sources. If n > 3 is odd then D('^-i'i) ^ S'^''-'^'^\ where 

jg ^]^g natural Specht FS„-module, and E := E^ = Res^(D) is simple. By 
[T3| Thm. 1.2, 1.3], the vertices of D are precisely the defect groups of its block, which are 
conjugate to a Sylow 2-subgroup of ©n-3, and D has trivial source. Let Qn-3 be a Sylow 
2-subgroup of 2ln-3- This is a defect group of the block of F2l„ containing E. Since D has 
trivial source, we also deduce that F is a direct summand of Res^_^(£^). Therefore, also E 
has the defect groups of its block as vertices and trivial source. 

(c) If n is even then D is contained in the principal block of FS„. By [131 Thm. 1.4(b), 
1.5(b)], has the Sylow 2-sub group of 2I4 as vertex and trivial source. 

In [HI Thm. 1.4(a), 1.5(a)] it is stated that ^('^-I'l) has the Sylow 2-subgroup of S„ as 
vertex, and its restriction to the vertex as source, for n > 6. This statement is correct, alone 
the proof of [lU Prop. 4.5] used in between has a gap. It occurs in the very last line of |il3j , 
and we have detected it while writing the present paper. Actually, we are able to use the 
techniques developed here to close that gap, and to give a new complete proof of [lU Thm. 
1.4(a), 1.5(a)]. Thus, in the present paper we only use [HI Thm. 1.2, 1.3, 1.4(b), 1.5(b)] as 
well as [T3I, L. 3.3, Prop. 4.2], which all are valid with the proofs given, at least as far as 
we see, and we have made sure that we do not refer to any results which have been proven 
elsewhere using |13| . 

Remark 1.3. Now the task is to determine the vertices of the natural simple F2l„-module 
E := E^ ^'^^ whenever n > 6 is even. Hence from now on we suppose that n > 4 is even. 
Suppose further that Qn is a Sylow 2-subgroup of 2l„, and that Q < Qn is a vertex of E. 

(a) Then our general strategy is to show, firstly, that E := Res^(ii^) is indecomposable. This 

implies that Q < Qn also is a vertex of E. Then, secondly, we assume that E is relatively 
projective with respect to some maximal subgroup R < Qn containing Q. In particular, we 
have ^{Qn) < R, where ^{Qn) denotes the Prattini subgroup of Qn- Moreover, we have 
Res^_^(i?) = E'q" where, by Remark 11.21 the latter has vertex Qn-i and trivial source 
T. Thus T is a direct summand of ResQ^_^(£^), hence letting 5 be a source of E we infer 
that T is a direct summand of ResQ"_^(IndQ"(5)). Hence Mackey's Decomposition Theorem 
implies that there is g G Qn such that Q^ n Qn-A = Qn-i (cf- L. 4.3.4]), that is 

Qn-4 ^Qn Q < R < Qn- Thus, sincc R is normal in Qn, we have Qn-A < R as well. In 
summary we have {^{Qn),Qn-4,Q) ^ R, which typically turns out to be a fairly restrictive 
condition on R. 
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Now, E being relatively projective with respect to R, Green's Indecomposability Theorem 
implies that E is induced from an indecomposable direct summand of Res^"(-E), implying 
that Res^"(£') is the direct sum of two indecomposable modules of dimension dim(ii^)/2 each. 
This latter conclusion is then drawn to a contradiction, implying that E, and thus E, cannot 
possibly be relatively projective with respect to any proper subgroup of Qn- 

(b) In the sequel, a key player will be the natural permutation FS„-module M. Letting 
{71,..., 7n} be its permutation basis, M is uniserial with composition series M > M' > 
M" > 0, where 

n n 

M' ■.= {J2aai&M \ ai,...,aneF,^ai = 0}, 

1=1 i=l 

n 

M" := {a^ji e M \ a e F} ^ F ^ M/M', 
1=1 

and M' /M" = D as F©„-modules. In particular, dim(M') = n — 1 and dim(D) = n — 2. 
Moreover, {7, + 7^ | i G {1, . . . , n - 1}} is an F-basis of M', and if " : M — > M/M" denotes 
the natural epimorphism then {7, + 7„ j i G {1, . . . , n — 2}} is an F-basis of M' /M" (cf. [U 
Ex. 5.1]). For convenience, in the following we will simply identify D with M' /M" . 

This paper now is organised as follows: In Section [2] we begin by collecting some properties 
of the Sylow 2-subgroups of and and their subgroups. It turns out that the behaviour 
of E depends on the 2-adic expansion of n. Hence letting n = Yl^j=i 2*^ , for some I > 1 and 
ii > . . . > i/ > 1, we distinguish between several cases. In Section O we settle the case I = 1, 
that is, n is a 2-power. In Section 3] we begin to investigate the case / > 2, that is, n is even 
but not a 2-power, by first considering restrictions of E to various abelian subgroups. This 
leads to further case distinctions with respect to := 2*'. In Section [5] we settle the case 
ni > 2, while for n; = 2 in Sections [BHH] the cases Z > 4, Z = 3, and I = 2, are dealt with, 
respectively. In the very end the case n = 6 remains to be considered, completing the proof of 
Theorem 11.11 In the final Section [9l which is an appendix, we in particular use the technique 
employed in Section [8]to give the new proof of [HI Thm. 1.4(a), 1.5(a)]. 

We want to point out that, although no explicit reference to computer calculations is made 
in the present paper, before writing it we have dealt with various examples by way of explicit 
computations, which helped us to understand the different behaviour of E with respect to the 
2-adic expansion of re. To do so, we have used the computer algebra systems GAP [Gj and 
MAGMA [2], and the specially tailored computational techniques to determine vertices and 
sources developed in [4j. Finally, for any finite group G, an FG-module is understood to be 
a finitely generated right FG-module. Furthermore, the endomorphism algebra Endi?G(-^) is 
also supposed to act from the right. For an introduction to the theory of vertices and sources 
we refer to [HI Sec. 4.3], and for details concerning the representation theory of the symmetric 
groups to [9] and [TO] . 

Acknowledgement. The first author's research on this article has been supported by the 
Deutsche Forschungsgemeinschaft through DFG grant #DA 1115/1-1. The second author 
gratefully acknowledges financial support and the enjoyable hospitality of Friedrich-Schiller- 
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2 Sylow subgroups of the symmetric and alternating groups 

We begin by introducing our notation for the Sylow 2-subgroups of &n and respectively. 
Moreover, we collect some properties of these Sylow subgroups and their subgroups which will 
be needed in the course of the subsequent sections. 

Remark 2.1. (a) First of all, let n = 2™, for some m e Nq. We set Pi := 1, P2 := C2 := 
((1,2)), and P2i+i ■= ^ ^2 = {{xi,X2; cr) \ xi,X2 € ^ G P2}, for i > 1. Recall that, for 
i > 1 and (xi,X2;cr), (yi,y2;7r) G P2^+i, we have (xi, X2; cr)(yi, y2; vr) = (xiyi^, X2y2-; -ttt). As 
usual, for i > 0, we regard ^2* a subgroup of ©2^ in the obvious way. Then, by [IHl 4.1.22, 
4.1.24], Pn = P2^ is a Sylow 2-subgroup of S2™ = Sn- 

Moreover, by construction, P2™ is generated by the following elements: 

2i-l 

W2^:=J{{k,k + 2'-^), (1) 
fc=i 

for i = l,...,m. For instance, Ps is generated by 1/72 = (1,2), 11)4 = (1,3)(2,4) and = 
(1,5)(2,6)(3,7)(4,8). Additionally let wi := 1. Since, by [fil Satz III. 15. 3], we have |P2m : 
$(P2m)| = 2™, ([1]) yields in fact a minimal set of generators for P„ = P2m. 

If m > 2, then we have P„ = P2™ = P2m-i I P2 = {(xi,X2;o-) | xi,X2 G P2m-i, o" G P2}- The 
base group of P2m-i IP2 shall henceforth be denoted by P„. When viewing P2m as a subgroup 
of &2-n^ as above, P„, corresponds to P2m-i x ty„P2m-iw„. 

(b) Let now n > 2 be even with 2-adic expansion n = '}2^j=i 2*-' , for appropriate / > 2 
and ii > ... > ii > 1, and let Uj := 2*^ for j = I,..., I. Then, by [TOl 4.1.22, 4.1.24], 
Pn = 0^=1 Pnj, with gi = 1, and gj := IlfcLil^) ^ + Sti ^s) for j = 2, . . . , ^, is a Sylow 2- 
subgroup of For convenience, we will simply write P„ = rij=i where Pnj is understood 
to be acting on the subset Qj := {1 + ^'^=1 ^s, ■ ■ ■ , l^s=i ^s} of {1, ... , n}, for j = 1, . . . , /. If 
n is odd then we simply set P„ := Pn-i, so that again P„ is a Sylow 2-subgroup of S„. 

Via ([1]) we obtain a minimal set of generators for Pn^ denoted by Wj := {w2j, ■ ■ ■ , Wn^j}, for 
j = 1, . . . , /. That is, W := Uj=i is a minimal generating set for Pn- For instance, P14 = 
Pg X P4 X P2 is generated by 1^2,1 = (1,2), W4,i = (1,3) (2, 4), ws,i = (1, 5) (2, 6) (3, 7) (4, 8), 
U72,2 = (9, 10), Ti;4,2 = (9, 11)(10, 12) and W2,3 = (13, 14). 

(c) Now, for any n > 2, we set Qn '■= Pn H 2l„ so that Q„, is a Sylow 2-subgroup of 

If n = 2"^, for some m > 2, then writing P„ = P2m-i I P2 we have Q„ = {(xi,X2; cr) G 
P2m-i ; P2 I X1X2 G Q2™-i} ^ P2"i-i I P2, and we define 

w'2 := W2 ■ W2'"' = (l,2)(2™-i + l,2'"^i + 2), and w'^, := W2^ for i = 2, . . . , m. (2) 

If n = 2*J = n-j, for some / > 2 and some ii > . . . > > 1, is the 2-adic expansion 

of n as above then we define 

'"^2,j ■= W2jW2^i for j = 1, — 1, and 1^25 j := '*i'2=,j for j = 1, . . . , / and s = 2, . . . , ij. (3) 
Proposition 2.2. i/ie notation of the previous remark we have: 
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(i) If n = 2"^, for some m>2, then Qn = (^2, . . . ,'w'2m,). Furthermore, {t«2i • • • 1^2™} ^ 
minimal set of generators for Qn- 

(a) If n = Yl\=i = Sj=i ""i' f^''^ some I > 2 and some ii > . . . > ii > 1, then 

l-i 

is a minimal generating set for Qn- 

Proof. Suppose first that n = 2™, for some m > 2. Obviously, Q := (tfg, • • • ,W2m) < Qn- 
Moreover, we have W2w'^^W2 = w'2w'^iw'2 G Q, for f = 1, . . . , m — 1, and 

W2W2mW2 = W2W2^W2 • W2"^'W2"^ = tC2^2™ ^ 

SO that W2QW2 = Q- This shows that {w2)Q = Q{w2) = Pn, and thus |P„ : Q\ = 2, that 
is Q = Qn- It remains to show that {W2-, - - - jifgm} is a minimal generating set for Qn- For 
this, notice that Qn acts transitively on {1, ... , n}, whereas for any j G {1, . . . , m} the group 
Q := {w'^i I i G {1, . . . -,fn}\{j}) does not, namely, 1 and 1 + 2-'"^ then lie in different Q-orbits. 
Consequently, {W2-, ■ ■ ■ , ^2™} ™ f^'^t minimal. 

Now suppose that n = X]j=i 2*'' = Sj=i '^i; some / > 2 and some ii > . . . > i; > 1. Then 
Q ■-= (W) < Qn- Furthermore, we have 

W2,iw'2sjW2,i = w'2sj G Q, for j = 1, . . . , Z - 1, S = l,...,ij, 
'W2,lW2s^lW2,i = w'2,iw'2s ,iw'2,i G Q, for s = 2, . . . , ii, 

hence W2,iQw2,i = Q-, and clearly {w2,i)Q = Q{w2,i) = Pn- This shows that |P„ : Q| = 2 
so that Q = Qn- Furthermore, from Remark l2.ll we deduce that W U {w2^i\ is a minimal 
generating set for P„, and thus also W' has to be a minimal generating set for Qn- □ 

Example 2.3. In order to illustrate the rather technical notation above, consider the cases 
where n = 8 and n = 14 = 8 + 4 + 2, respectively: Then is generated by 

w'2 = (1, 2)(5, 6), ^ = (1, 3)(2, 4), ^ = (1, 5)(2, 6)(3, 7)(4, 8). 

Analogously, Q14 is generated by 

= (1,2)(13,14), ^^i = (l,3)(2,4), = (1,5)(2,6)(3,7)(4,8), 

w'2,2 = (9, 10)(13, 14), w'^^2 = (9, 11)(10, 12). 

Proposition 2.4. For anyn >2 we have $(Pn) = [Pn,Pn] and ^{Qn) = [Qn, Qn]- Ifn = 2*", 
for some m>2, then \^{Pn) ■ ^{Qn)\ = 2, otherwise ^{Pn) = ^{Qn)- 

Proof. By ^ Satz III. 3. 14], [Pn,Pn] < ^(Pn) and [Qn,Qn] < ^{Qn)- As we have just seen, 
both Pn and Qn are generated by elements of order 2. Consequently, the same holds true for 
Pn/[Pn, Pn] and Qn/[Qn, Qn]- Thus both Pn/[Pn, Pn] and Qn/[Qn, Qn] are elementary abehan. 
This yields [Pn, Pn] = ^(Pn) and [Qn,Qn] = ^(Qn)- The second assertion is immediate from 
Proposition 12.21 and Remark 12.11 □ 
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Proposition 2.5. Let n = 2™, for some m >2. Then we have $(-Pn) = {{xi,X2; 1) | xiX2 € 
^{P2m-i)} and ^{Qn) = {{xi,X2; 1) | xi,X2 G (52^-1, a;iX2 E <I>(P2™-i)}- 

Proof. The first assertion follows from [T5j L. 1.4] and the fact that $(-Pn) = [Pn,Pn]- It 
remains to show that ^{Qn) = H := {(xi, X2; 1) | xi, X2 G (52™-i; X1X2 € <^(P2™-i)} ^ ^(-fn)- 
For this let x = (xi, X2; cr) G Qn- Then xi, X2 G ^2^-1 1 X1X2, X2X1 G Q2m-i and cr G {(1, 2), 1}. 
Moreover, 

(xf,x^;l), if £7 = 1, 

(xiX2,X2Xi; 1), if cr 7^ 1. 

That is, x^ = (yi,y2;l) where 2/1,2/2 G Q2™-ii and x^ G ^{Pn), by p, Satz III. 3. 14]. Thus 
2/12/2 G <I>(P2'"-i)- Since, again by [HI Satz III. 3. 14], ^{Qn) is generated by the squares in Qn, 
this implies ^{Qn) < H < ^{Pn)- But Qs™-! < ^2'"-i so that / <I>(-Pn)- Therefore, from 
Proposition 12.41 we deduce that H = ^{Qn). □ 

Proposition 2.6. Suppose that n = 2*", for some m > 2. Then the following hold: 
(i) We have Bn = {w2, ■ ■ ■ ,W2m-i,W2" , ■ ■ ■ ,w^J^_i) and 

BnnQn = {W2W2",W4, . . . , W2m-i , W^"" , . . . , 

(a) We have P2rn-i^{Pn) = Bn and Q2n^-i^{Pn) = BnHQn- 
(in) If m > 3 then we have Q2"^-^+2^{Qn) = Bn n Qn- 

Proof. S ^^-1) the first statement in (i) is clear from Remark l2.ll Fur- 

thermore, {W2W2" ,W4, . . . , W2m-i , w^" , . . . , if^m^i ) < Bn n 2l„ = Bn H Qn, and is normalized 
by W2. Since (102) ■ {W2W2" ,W4, . . . , W2m-i , w'^" , . . . = Bn, also the second assertion 

in (i) follows. 

Now we show that Bn < P2ni-i^{Pn). For this let x G Bn, and write x = (xi,X2;l) with 
xi,X2 G ^2™--!- Then x = (xiX2, 1; l)(x^^, X2; 1). Since X1X2 G P2m-i and (x2^,X2;l) G 
$(P„), we get X G P2m-i^{Pn). Consequently, P2m-i^{Pn) is a proper subgroup of P„ 
containing the maximal subgroup Bn of Pn, and hence Bn = P2m-i^{Pn). 

Next we verify that Bn H Qn = Q2rri-i^{Pn). By (i), we already know that Q2m-i^{Pn) < 
{P27n-i^{Pn)) n Q„ = Bn n Q„. Now let X G n Qn, and again write x = (xi,X2;l) 
for appropriate xi,X2 G P2m~i. Since x G we have X1X2 G Q2^n-i, and thus x = 

(xiX2, 1; l)(x^\x2; 1) G Q2'"-i^(-Pn)- Hence Q2m~i^iPn) = BnriQn, proving (ii). 

Now let m > 3, then Q2m-i+2^{Qn) < {P2"^-^+2^iPn)) H Q„ = Bn H Q^- The last equation 
follows from the fact that P2'"-i+2 < -Pn so that P2™-i-i-2^(-fn) is a proper subgroup of Pn 
containing the maximal subgroup Bn = P2m~-i^{Pn). Since 

^(Qn) n ^2^-1+2 = 1; 1) I xi g $(^2^-1)} = Q2— 1 n ^(Pn), 

we now have 

IQ2— l+2ll^(<3n)| _ |<52™-i+2ll^(<3n)| _ | Q2--1 1 ' 2 • I 



\Q2m-i+2'^{Qr. 



l^'(Qn) nQ2™-i+2l |$(P2--i)l |^'(-P2"-i; 

=\Q^^_,^p^^\ = \BnnQn\. 



|$(P2— i)l 

This finally shows that also Q2"^-^+2^{Qn) = Bn H Qn, and assertion (iii) follows. □ 
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Remark 2.7. (a) Again let n = 2*-' = Ylj=i''^j7 some / > 1 and some ii > . . . > 

k > 1, be the 2-adic expansion of n. For j = define y^^ := Wnj,j ■ ■ ■ W2j, where the 

W2J, • • • , Wrijj are as in Remark |2. 11 Then, by [131 L. 3.3], is an nj-cycle, for j = 1, . . . , I. 
Furthermore, let Yn^ := {vnj), for j = 1, . . . , I, and Yn := 11^=1 ^n^; clearly y„ ^ 2t„. Next 
we set := y„^.y„, and F^^. := (y^,). Then we have := n 2l„ = nj=i K^, namely, we 
clearly have Y := {y'^^, . . . ,y'^^) < Y^, and from {yni)Y = y(y„,) = Yn where y„, ^ y but 
y^^ e y we get |y„ : 1"! = 2, hence Y = y^. 

Moreover, we set ■= y^p for j = 1,...,?, that is, Xn^ has cycle type [uj /2,nj /2), for 

j = 1, . . . , /. We also set Xn^ ■= {xn^ ) , for j = I, . . . ,1, and Xn ■= Y[\=i -^nj ■ Note that, if 
I > 2 then the Xn^ are squares in Qn, so that Xn < ^{Qn)- 

(b) When viewing the wreath product P^, = ; C2 as a subgroup of S„ . as usual, the 

2 

subgroup of P„ corresponding to the base group is isomorphic to x P^j and shall be 

22 

denoted by := Pn. x P^'^, for j = Here P^^ = P^j is supposed to be acting on 

Q'j := {ni + • • • + + 1, . . . , ni + • • • + nj_i + nj/2}, and P^'^, = P^ acting on 0^- : = 

{ni + • • • + + nj/2 + 1, . . . , ni + • • • + nj}. We also set P„ := 0^=1 -^rij , as well as 
B'n^ := Bn^ n 2l„ < Q„^., for j = 1, . . . ,/, and P; := P„ n 2l„ < Q„. Notice that y^^ = 

WnjjWn^.i,] ■ ■ ■ W2jWnj,j ■ Wnj_T^,j ■ ■ ■ W2J G B'n. , for j = 1, . . . , /. 

3 The case / = 1 

We investigate the case where n > 8 is a 2-power. 

Lemma 3.1. Let n = 2"^, for some m >3. Suppose that R is a maximal subgroup of Qn such 
that E is relatively R-projective. Then, if m > 2> we have R = P„ n Qn = B'n- If m = 3 then 
we have P G {Pg, (Q4 x Q4){ws), [Qa x Q4){uf^^)}. 

Proof. By [131 Prop. 4.2], we know that Res^(P) is indecomposable. Hence fix some vertex 
Q < of E, such that Q < R. Then, by Remark [L3l we have {^{Qn),Qn-4,Q) < R- If 
n = 8 then Qi^^Qs) is a normal subgroup of Qs, and Qs/Qi^iQs) is elementary abelian of 
order 4. Thus there are three maximal subgroups of Qs containing Qi^{Qs), and these are 
precisely the ones listed; note that Pg = {Qi x Q/{){w'2) where W2 = w^'^ ■ ws- Hence we may 
now suppose that m > 3, and it suffices to prove ^{Qn)Qn-4: = Qn-4^{Qn) = Pn H Qn- But, 
since m > 3, we have n — 4 = 2™ — 4> 2^~^ + 2, and the latter assertion is immediate from 
Proposition 12.61 and the fact that Qn-4 < Qn- D 

Proposition 3.2. Let n = 2™, for some m >3. Then E has vertex Qn and source Res^(P). 

Proof. As already mentioned, Res^(P) is indecomposable, by [131 Prop. 4.2]. We follow 
the strategy given in Remark 11.31 and assume that R < Qn is a maximal subgroup such that 
E is relatively P-projective. 

Let first m > 3. Then, by Lemma [3.11 we have R = Bn H Qn > ^{Pn)- In particular, 
(xn) = Xn < ^(Pn) < R whcrc Xn is the permutation of cycle type (n/2,n/2) defined in 
Remark O As in the proof of [131 Prop. 4.2] we get Res^(P) = Tn-2 Tn^, where 
Tn-2 denotes the indecomposable PX„-module of dimension (n — 2)/2. Thus we conclude 
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that Res^ (E) = Ei®E2 where Ei and E2 are in fact uniserial with trivial heads and trivial 
socles. Thus, in particular, Soc(Res^(^)) = Res^^(Soc(Res^(S))). We set 

n/2 n/4 3n/4 

si:=^7ieM' and S2:=^7i+ li M' . 

i=l i=l i=l+n/2 

Then + 1) = and S2(xn + 1) = Yll=ili ^ Consequently, si := si + M" and 

S2 := -52 + are annihilated by Rad(FX„), that is they are contained in Soc(Res^(£^)). 
Furthermore, si and S2 are linearly independent over F. Therefore {si,S2} is an F-basis for 
Soc(Res^(F)). But we also have W2m,-i G Bn H Q„ = i?, yielding the contradiction 

3n/4 

S2W^2'"-i = lii^S2- 
j=l+n/4 

Let finally m = 3. Then R is one of the subgroups given in Lemma 13.11 To exclude the 
case Ri := Bg, notice that, by Remark 12.71 we have = y| = (1, 3, 2, 4) (5, 7, 6, 8) G 
and hence we may argue as in the case m > 3. As for R2 := (Q4 x Q4){w%), we have 
w^Wi = (1, 5, 3, 7)(2, 6, 4, 8) G i?2, and thus letting si := 71+73 + 75 + 77 G M' and S2 := 71 + 
73 + 72+74 £ Af' instead we similarly arrive at a contradiction, using Siw^^ = 72 + 74 + 75 + 77 
where t(7^^ = (1,4)(2,3) G Qa. For i?3 := {Qiy.Qi){w'^'^) again argue similarly, nsmguf^'^W/i, = 
(1,6, 3, 7)(2, 5, 4, 8) G i?3, and si := 71 + 73 + 76 + 77 G M' and S2 := 71 + 73 + 72 + 74 G M', 
where ^ = 72 + 74 + 76 + 77- □ 

This completes the proof of Theorem 11.11 in the case where n is a 2-power. 



4 The case / > 2 

We now investigate the case where n > 4 is even, but not a 2-power. We aim to show that 
the vertices of = Res^"(L') are then always the Sylow 2-subgroups of 21^, unless n = 6. 
We first need a few preparations, concerning restrictions of E to various subgroups: Recall 
from Remark 12.71 that Qn contains the abelian subgroups YJ^ and Xn, where, since / > 2, 
we moreover have X„ < $((5n)- We will investigate the restrictions of E to and X„, 
respectively, in detail. Thus we gain information on restrictions of E to Qn and to maximal 
subgroups of Qn- This leads to a further division into various subcases, which will be dealt 
with in the subsequent sections. 

Remark 4.1. In Remark [1.2 1 we introduced the permutation basis {71, . . . , 7„} of the natural 
permutation FS„-module M. While working with the group Y^, it will be convenient to 
re-number the elements of this basis as follows: for j = 1, . . . , ? and i = ni + ■ ■ ■ + + 
1, . . . , ni + • • • + rij, we set 

r- i—ni rij — i — l 

Oi ■= 7niH hnj-i+iynj 

In particular, for j = 1, . . . ,1 and i = ni + • • • + nj^i + 1, . . . , ni + • • • + nj — 1 we have 
SiUnj = Si+i, and = 5„^+...+„^._j+i. That is, {6ni+-+nj.i+i, ■ ■ ■ , <^ni+- -+nj} is the 

permutation basis of the natural permutation Fy„.-module, for j = 1, . . . ,Z. 
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For j = 1, . . . , / we now define 



and 



nj/2-l 

'■= X] <Jni+---+nj_i+l+2i = '^'yi=- 7/) 

nj/2-1 

'■= Sni+-+nj.i+2+2i = ^ Ti 7j^': 

i=0 iefl'J 



n/2-l I I 

i=0 j=l j=l 



as well as 5j' '■= ^'y + = lt + ='■ 7^, and 5+ := X]j=i = Yl]=i 7i =: 7^- The sets 



and fi^' are as in Remark |2 .71 

Proposition 4.2. With the above notation, for Res^{E) = ReSy7{M' /M"), we have: 

(i) Ifl>2 then {5!^ | j G {1, . . . , / - 1}} is an F-hasis of Soc(Res?l7(-E;)). 

(a) If 1 = 2 and Til > 2 then {S^^st} is an F-hasis o/ Soc(Res?!?(£^)). 

(Hi) If I = 2 and n/ = 2 then Kes^(E) = FYl^ with socle spanned by st . 

Proof. Let v = V"^, aSi G M, for appropriate q G F, such that v G Soc(Res^r (M/M")). 
Since the group Y' acts trivially on Soc(Res^r(M/M")), for each j G {1, . . . , /} there is some 

n 

aj G F such that vy'^_. = v + aj6~^ . 

Suppose first that Z > 2 so that Q \ (Jlj U Qi) 7^ 0, for j = 1, ... , I. That is, Siy'^^ = 6i, for 
i € Q \ {Qj U Qi). In particular, for j = 1, . . . , Z and i G il \ (Oj U Qi), we get Cj = q + aj. Thus 

= 0, for j = 1, . . . , /. If j < / — 1 then vy'^^ = v holds if and only if c„j_| hn^-i+i = • • • = 

c„i+...+„j and Cn^+...+ni_i+i = ••• = c„^+...+„;. Furthermore, vy^^. = w for j = 
implies also vy'^^ = v. Consequently, we deduce: 

/ l-i 

f]{veM\ vy'^^ =v} = f]{veM\ vy'^^ = v} = . . .,5+). 
i=i j=i 



Moreover, 6^,...,6t are linearly independent, and thus form a basis for Soc(Res^r(M)). 
This in turn implies that {6^ |jG{l,...,/-l}}C M'/M" is an F-basis for 

{v G M/M" I V G {6p . . .,6+)f} = {ve M/M" \ vy'^^ = v loi j = I, . . . ,1} 

= Soc(Res®r (M/M")). 

Hence SocfRes®," (M'/M")) = Soc(Res®r (M/M")) = (5^ I j = 1, . . . , / - implying (i). 



9 



Next suppose that 1 = 2. If also j = 2 then, since J7 \ = ^^i 7^ 0, we get 02 = 0. If ,7 = 1 
then, since O \ (Oi U fl2) = 0, we deduce vy^^ = Y17=i ^.(y'^^^y^i ^ Y17=ii'^ + that 

ci, if i G {1, . . . , ni} is odd, 

ci+ai, if i G {1, . . . , ni} is even, 

c„j+i, if i € {ni + 1, . . . , ni + is odd, 

c„i+i + ai, if i G {ni + 1, . . . , ni + 77-2} is even. 



Ci 



Hence {6q ,6f ,62} is an F-basis of {t; G M | vy'^_^ = v + ai5~^}. Thus the condition 7^ t; G 
Soc(Respr (M/M")) is equivalent to vy'j^^ = v where v G {6q ,6^ ,62)f- But vy'^^ = v holds if 
and only if Cm+i = Cn^j^i, for i = 1, . . . , n2 — 1 odd, and Cni+2 = Cm+j for i = 2, . . . , n2 even. 
That is, {(5i, . . . ,(5„i,5j,(5j,} is an F-basis of G M | wy^^ = '^}- Since {6+,S+,S+)f < 
(Si, . . . ,dn-,,St,,St,)F, we get Soc(Res^r(M/M")) = (St ,di ,d2)F- Furthermore, St and 61 

n 

are linearly independent over F, whereas S2 = Si . 

Therefore, if n; > 2 then {Sn ,5^} C M'/M" is in fact a basis of Soc(Res®r (M/M")) = 
Soc(Respr(M7M")), proving (ii). If finally ni = 2 then we have ^ M\ Hence in this case 

n 

we deduce that SocfRes^r (M'/M")) has F-basis {St}. In particular, Res5'/(F) is indecom- 

n n 

posable so that, comparing dimensions, we get Res^(£') = FY^, proving (iii). □ 



Proposition 4.3. Let I > 2 and j G {1, . . . , I}, and let Kj := keToiy'r^.) and Ij := im£)(y^ 

(i) If j < I then dim(i^j) = dim(D) — 1, and Ij = {S^)f- 

(ii) If j = I and ni > 2 then dim{Kj) = dim(Z)) — 2, and Ij = {S'li,d^i)F- 



(iii) If j = I and ni = 2 then y^^ = 1 and thus Kj = 0. 
Proof. For j = 1, . . . , i we define the following elements in M': 

Vj := Sni+.-.+rij + ^ni+-+nj+l, if J < ^ 

as well as v[ := 6n + Si and v" := Sn-i + Si. Then Vjy!^. = S'j , if j < Z — 1, and 

/ ,+ {v[, ifni = 2, ,^ {v'{, ifni = 2, 

"'""'[st., if»,>2, "'""'[st, itn,>2. 

We first suppose that j < I. Then Y^^ acts regularly on Uj := ((5ni4 i-nj_i+i) ■ ■ ■ , '^mH \-nj)F, 

so that i7,y^+ = Rad"^~^(Fy^^.) ^ F and dim(ker[/^.(j/^+)) = - 1. Furthermore, the 

vector space {Snx-\ i-ni_i+i) ■ ■ ■ )<^niH \-ni)F is an indecomposable Fy^ , -module of dimension 

ni. In particular, ((^„j+...+„;_^+i, .... 5„i+ •■■+n,)F is annihilated by Rad"'-'"^(Fy^^) = F{y'^) = 
Soc(FF^^). Furthermore, Y^. acts trivially on the subspace 

{{Si, . . . , (^n} \ {<^ni+---+nj_i+l5 • • • > <^ni+---+nj > <^niH |-ni_i+l) ■ ■ ■ > <^niH hn(})F 



of M which is thus annihilated by y'^.. To summarize, we have shown that dim(kerM(yn"^)) = 
n-l = dim(M'). Hence dim(kerM'(yn"'^)) ^ {dim(M'), dim(M') - 1} = {n - 1, n - 2} and 
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dim(ker£)(y^+)) = dim(i^j) € {dim(Z)), dim(Z)) — 1} = {n — 2,n — 3}. But we already know 
that 7^ (5j^ G im£)(y^) = Ij so that Ij = {S^)f and dim{Kj) = dim(D) — 1, proving (i). 

Now let j = I and ni > 2. Then Y^^ acts trivially on {6i, . . . ,Sni+...+ni^i)F- Furthermore, 

((5„j_| \.ni_-^+i, ■ ■ ■ , 6ni+...+ni)F is an Fy^^-module isomorphic to FY^^ © ^^nr Consequently, 

((5i, . . . , 6ni+...+ni_i)F is annihilated by y^, and 

{6n,+...+n,_,+i, . . .,Sn,+...+n,)F ' < " Rad"'-i(Fy^J © Rad"'-^ (FF^, ) ^F®F. 

Thus dim(kerM(?/^j)) = n - 2 = dim(M') - 1 so that dim(kerM'(y^j)) > dim(M') - 2 = n - 3 
and dim{Ki) = dim(keri5(y^"|')) > dim(L') — 2 = n — 4. As we have already shown above, 

{6^ ,6^i)f < = //. Since Z > 2, we conclude that (5;t and are linearly independent 

over F, and hence I; = {5^ ,6^i)f and dim(i^/) = n — 4 = dim(L') — 2. This proves (ii), and 
assertion (iii) is obviously true, since y^^ = 1 for ni = 2. □ 

Remark 4.4. Let l>2. We consider the subgroup Xn = 11^=1 -^^n^ < ^{Qn) < Qn < Pn- 
Letting Q < Pn be any subgroup such that Xn < Q, we show when X„ can be used to prove 
the indecomposability of ReSg"(L'). Note that this is slightly more general than needed to 
prove Theorem 11.11 but will be useful in the proof of Theorem 19.11 Therefore, we fix an 
indecomposable direct sum decomposition of Res®" (D). 

(a) Suppose that j G {1, . . . , /} such that rij > 2, that is, we exclude just the case j = I and 
ni = 2. Let u := 7„j+...+„. +7„j+...+„^.+i G M' and v := 7ni+-+nj_i+i + 7ni+-+n,_i+n,/2+i ^ 
M' where the indices should be read modulo n. Then 

ux+=jp = 6p^M" and = 7+ = 5+ ^ M". (4) 

Furthermore, {'yni+-+nj^i+i, ■■■ , 7ni+-+nj )f is an FX„^.-module isomorphic to FXnj ®FXn^ , 
and Xn^ acts trivially on (71, ... , 7„i+...+nj._j , 7n^+...+,„^.+i, . . . , 7^)^'. Hence 

imM(x+ ) = Soc((7„^+...+„^_^+i, . . . ,-ini+-+n,)F) = F ® F, 

and dim(kerAf(x^^.)) = n — 2. This implies dim(kerA/'(x+, )) > dim(M') — 2 and thus 
dim(ker£)(x+ )) > dim(Z)) — 2. Since, by ([4]), Jplp £ ), we get dim(ker£)(x+ )) = 

dim(i:») - 2 = n - 4 and imD(a;+.) = (7^,7^,)^- Hence we have {FXn, © Res^" (D), 

and either precisely one or precisely two indecomposable summands in the fixed direct sum 
decomposition of ResQ"(L') are not annihilated by x^_.. 

(b) Suppose that there are two of these, U' and U" , say. Recall further that we are still 
assuming nj > 2. Then there are some a', a", b' , b" G F such that ^ u' := a'7^ + ^ 
and 7^ u" := b'^, + b"Yj" £ U" . In particular, u' and u" are linearly independent. Next 
consider Q^^'^J , where 

Pj : Pn — > Pnj and qj : — > PnjBn^ = (Wn^j) 

are the natural epimorphisms. We have either Q^'j^j = (wn^j) or Qp^'^^ = {!}. Assume 
that QP^"^^ = {wnjj)- Then there exists some g € Q such that j^,g = and jpg = 7^. 
If a' / a" then u' + u'g = (a' + a") 7^ G [/' and thus also 7+ G U'. If a' = a" then 
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7^ a'^^ € U', and again 7^ E [/'. But, analogously, we deduce 7^ G f/", yielding the 
contradiction 7^ 7^ G U' nU". Consequently, this forces Qp^'^^ = {1}, that is Q < ker{pjqj). 

(c) Now suppose that n; > 2 and that, for each j = there is exactly one indecom- 

fix , 

posable direct summand Uj in the fixed direct sum decomposition of IiesQ"[D) which is not 
annihilated by x+ . We thus deduce j~j ^ (n~jnl^ii)F = '^'^ni^nj) < Uj, for j = I, ... ,1. Since 
X]j=i 7/ = 7'*' = 0, this implies Ui = . . . = Ui. 

Next we show that Soc(Resf^(Z))) < Res^^(C7i) + ••• + Res^jUi) = Res^jUi), which 
then implies that ResQ"(D) = Ui is indecomposable. For this, let v G M' . Then v G 

Soc(Res®" (L*)) if and only if = v, for all j = 1, . . . , I, that is, if and only if for each 

j G {1, . . . , /} there is some Uj G F such that vxn^ = v + Oj^"*"- Let j G {1, . . . , I}. Since Xn^ 
acts trivially on \ 7^ 0, this condition is actually equivalent to vXnj = v- That is, tJ G -D 

is fixed by Xn^ if and only v G M' is. Since (7niH hnj-i+i) • • • ilni~\ \-nj)F is isomorphic to 

FXrij © F^rij as an -module, we get 

I 

Soc{Res^l{M)) = {v£M\ vxn, = v for all j = 1, ...,/} = 0(7^,7^,)^ < Res|;;(M'). 

i=i 

Consequently, Soc(Resf ^ (M)) = Soc(Resf ^ (M')) = 0j=i(7jV,7jV,)f, and thus indeed 
Soc(Resf::(Z))) = (7+,7+ , . . . ,-/+,-fpF < Res'^jUi) + ■■■ + Res^jC/;). 



5 The case / > 2 and ni > 2 

The behaviour of the natural F2l„-module E upon restriction to the abelian subgroup of 
Qn depends on whether n; > 2 or n/ = 2. Therefore, we will now distinguish between these 
two cases, and start off with the case n/ > 2. 

Proposition 5.1. Let I > 2 and ni > 2. Then E has vertex Qn and source Res^(i?). 

Proof. We follow the strategy given in Remark 11.31 and assume that R < Qn is a maximal 
subgroup such that E is relatively -R-projective, hence X„ = 11^=1 — ^{Qn) < R and 
Qn-4 < ^• 

First of all, we fix an indecomposable direct sum decomposition of Res^(i?). Then, for each 
j = we have Qn^'^^ = {wnjj) 7^ 1; note that here we need ni > 4. Therefore, in 

consequence of Remark 14.41 part (b), we obtain that, for each j = 1, . . . , / , there is precisely 
one indecomposable direct summand Uj in the decomposition which is not annihilated by x^j ■ 

Hence, Remark 14.41 part (c), shows that Res^ (£') is, in fact, indecomposable. 

Now we fix an indecomposable direct sum decomposition of Res^(-E'). Hence, by Remark 
14.41 part (a), there is either one indecomposable direct summand U or there are exactly two 
indecomposable direct summands U' and U" in the decomposition which are not annihilated 
by j;+ . In the first case we get {FXn^ © Res^^^ (JJ), hence dim(C/) > 2dim(FX„j) = 

rii > {n + 2)/2 > (n — 2)/2 = dim(i?)/2, a contradiction. In the second case Remark [4.41 part 
(b), implies that R < kev{piqi). But, since I > 2 and n; > 4, we have Wn^^i G Qm < Qn-4 < R 
and Wni,i ^ ker(pigi), a contradiction. □ 
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It remains to deal with the case n; = 2. It turns out that E behaves differently upon restriction 
to y^, depending on the value of Z > 2. In the following section we begin with the generic case 
I > 4, while the exceptional cases / < 3 will be settled in subsequent sections. 

6 The case ni = 2 and / > 4 

Lemma 6.1. Let ni = 2 and I > 4. Then Res?^(E) is indecomposable. 

Proof. We fix an indecomposable direct sum decomposition of Res^ (E). For j & {1, ... ,1 — 
1}, by Proposition 14.31 there is precisely one indecomposable direct summand Vj in this 
decomposition which is not annihilated by y^. We denote the preimage of Vj under the natural 

epimorphism M' — > M'/M" by Vj. From j~j G ^) for j = 1, . . . , / — 1, we by Proposition 
O conclude that Soc(Res^(^)) < Vi + ■ ■ ■ + Vi_i, so that Res^{E) = Vi + ■ ■ ■ + Vi_i. 

n n 

Hence it suffices to show that V\ = . . . = Vi-\. Suppose, for a contradiction, that this is 
not the case. After appropriate re-numbering, we may suppose that Vi = . . . = V^ and 
Vfc+i 7^ • • • 1 Vi-i 7^ Vi. Furthermore, since Z > 4, we may also suppose that k < I — 2. 

For i = 1, ... ,1, we have the -FP„-epimorphism 

TTj : M > Mn^ := (7„^+...+„,^_-^+i, . . . ,-fni+-+n,)F, 

and we consider vr := 0^^-^ ttj e tti : M — > 0^^-^ © Mm . For j = I, . . . ,1 and v E M„^. , 
set hj{v) := min{e E Nq | E kerM„^ ((yn^ + ^T)}] note that hj(v) = min{e E Nq | w E 
kerM„^. {{y'nj +'^Y)} whenever j < I - I. 

Now assume that there is some ^ v G Vi nker(7r). If hj{v'^^) < 1 for all j E {k + 1, . . . ,1 — 1}, 
then v'^^ = O'jl'j , for some aj E F, and hence / u E Vi PI (V^+i + • • • + Vi^i) = (7~*')f- If 
there is some j ^ {k + I, . . . ,1 - 1} such that hj{v''i) > 1, then let v := v{y'n^ + e 
(Vi n ker(7r)) \ {0}, hence v'^'' = for r E {A; + 1, . . . , Z — 1} \ {j}, and v'^^ = a"fj~, for some 

7^ a E F, thus ^ v & ViDVj = (7^)f- In both cases, 7''' ^ ker(7r) yields a contradiction. 
Consequently, Tr^y^ is injective. 

Next we consider the FP„-epimorphism vr' := 0j=i tTj : M — > 0j=i-^nj - Assume that 
there is some v G Vi H ker(7r'). We write v = Y17=i ^i^i^ for appropriate ai, . . . , a„ E F . 
By the injectivity of ir^y^ we have v ^ ker(7r), that is, an-i 7^ or 7^ 0. We set vq := 

Y!j=k+i^t ^ Z]j=fc+i '^Z' t^*^" ^0 G ker(7r'). Moreover, = 7^ + Y!j=ilt ' ^"^^ 
vq E Vi- If cin-i = On 7^ 0, then we may suppose that an-i = 1 = a„, and thus 

niH hni_i 

v + vq= ^ {aj + l)6j E Vi n ker(7r) = {0}, 

j=ni-\ hnfc+l 

hence v = X]j=/fc+i 7/ = ''^o- Now assume that a„-i 7^ a„. Let j E {A; + 1, . . . , Z — 1}. Then 

niH Vrij 

d^v:= v{v'^^ + 1) = ( + "^-i)"^*) 

i=niH hnj„i-|-2 

+ (ani+-+nj„i+l + ani+---+nj)'5ni+-+nj_i+l + (On-l + an)(5n-l + ^n) E Vl fl ker(7r'). 
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Hence we have v = bvo, for some 7^ 6 € F, which in turn means that j = k + l = l — 1. 
But, since k < I — 2, this is a contradiction. Hence we actually have Q>n— 1 — On 

7^ 0, and thus 

Vinker(^') = {vo)f- 

We now show that tt' y is surjective: For j S {k + 1, . . . ,1 — 1} and i £ {1, . . . , k} we have Vp < 

I v 1 J 

Rad(Res^7 (M„J), since otherwise taking w £ Vj such that tt;'^* G M„- \ Rad(ReSy? 
yields w{y'^. + 1)"*-^ = 07^^ G t^-, for some 7^ a G F, a contradiction. Hence we have 

k k 
{Vk+i + ■■■ + Vi-if < Rad(Res^7 (M„J) = Rad(Res^7 (0 M„J). 

i=l ' i=l 

From Vi + . . . + V^_i = Res®r(M') we get (Vi + + • • • + V/_i)"' = Res^7(©ti M„J, 
hence Ff' = Res^7(©ti ^nJ- 

Thus there is some w £ Vi such that w'^' = 71 = 5i. We write = 5i + Y17=ni-i hn^+i 

for some a„i+...+ns^+i, • • • , a„ G F. Furthermore, I]r=ni+- nfc+i = 1, since ti; G Vi < M' . 
Assume there isjG{A; + l,...,/ — 1} such that hj{w'^^) > 1. Then let 

u):=^y;^, +l)G(Vinker(^'))\{0}. 

Hence we have w'^^ ^ 0, and w^^ = for j 7^ r G {k + 1, . . . ,1 — 1}, while w^' = (a^-i + 
an){5n-i + <5n)- But Vi n ker(7r') = {vo)f and our hypothesis k < I — 2 yield a contradiction, 
thus we have hj{w'^^) < 1 for all j G {/c + 1, . . . , / — 1}. In particular, X]r=ni+^"+nj_i+i ~ 
for j G {k + 1, . . . ,1 — 1}. This forces a„_i + a„ = 1, that is hi{w'^') = 2. Thus, for any 
j e {k + l,...,l -1}, we get w{y'^^^ + 1) = K-i + an) (<5n-i + 5n) G (VI n ker(7r')) \ {0}, 
contradicting Vi Pi ker(7r') = {vo)f. □ 

Proposition 6.2. Let ni = 2 and I > 4. Then E has vertex Qn and source ResQ^(i?). 

Proof. We follow the strategy given in Remark 11.31 By Lemma 16.11 we already know that 
Res^(£') is indecomposable. Assume that R < Qn is a maximal subgroup such that E 

is relatively i?-projective, hence X„ = 11^=1 — ^{Qn) < R and Qn-i < R- We fix 
an indecomposable direct sum decomposition of Res^'(F). By Remark 14.41 part (a), there 
is either exactly one summand U or there are exactly two summands U' and U" in this 
decomposition which are not annihilated by x^^. In the first case {FXm 0FX„J| Res;^^ (U) 
implies dim(?7) > rii > dim(F)/2, a contradiction. In the second case. Remark 14.41 part (b), 
implies that R < ker(pigi). But since / > 3 and ni = 2 we have Qn~A = {Pn\ x • • • x -Pn;_2 ^ 
P2H~i-^ ^ P2H-i-'^ X • • • X P4 X P2) n Qn, thus Wn-^^,! G Qn^ ^ Qn~i < -R, a Contradiction. □ 

7 The case ni = 2 and / = 3 

Lemma 7.1. ie^ n; = 2 anc? / = 3. Then Res?^(E) = Ui ® U2 where Ui and U2 are 
indecomposable of dimension ni and n2, respectively, and both have vertex Y^. 
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Proof. We construct the following subspaces Mi and M2 of M': Mi has F-basis ©1 := 
{h, ■■■,bni} with 

712/2-1 

61 := Si + Sn-i + ^2 ^m+i+2i and bj := 6j + Sj-i + (5„_i + 

i=0 

for j = 2, . . . ,ni. Obviously, *Bi is indeed linearly independent. Moreover, Mi + {5'^)f is an 
Fy^-module, since 



bjV'm 



61 + 62, forj = l, . v-"i/2a I x+ f • 1 

bj+i, for J =2,...,ni-l, ^j^nj = S , r • o 

Similarly, we define the subspace M2 of M' with basis 5S2 := {61, . . . , 6^2} where 

ni/2-1 

i=0 

for J = 2, . . . , n2. Also M2 + ((5^) f is an FY^-module and, by construction. Mi + M2 + {S'^)f 
is an Fy^-submodule of Respr(M'). We show that Mi + M2 + {S'^)f contains an F-basis of 

M', implying that we actually have Mi + M2 + {S+)f = Respr(M'): First of all, we have = 

Ei=i^b2i e Ml and S+ = T,i=ib2i e M2. Thus (5„_i + 5„ = S+ + S+ + S+ e Mi + M2 + (<5+)f, 
and 



6i + S, 



i+l 



bi+i + (5„_i + (5n G Ml + M2 + ((5+)f, for z = 1, . . . ,ni - 1, 

6i+i + Sn-i + (5„ G Ml + M2 + (5+)f, for z = m + 1, . . . , m + n2 - 1. 



Hence we have si := X]-=o^""^ 6ni+i+2i G Mi + M2 + and S2 := Z)^=o^~^ (^i+2i G 

Ml + M2 + ((5+)f, thus we get 61 + 5„_i = 61 + Si G Mi + M2 + and Sn^+i + Sn-i = 

bi + S2 e Ml + M2 + {S+)f, therefore, 

ResS^f^;) = Res®r (M'/M") = (Mi + M" IM") + (M2 + M" /M"). 

Letting Ui := M^ + M"/M", we from dim(£;) = n- 2 = ni+n2 = dim(Mi) + dim(M2) 
get C/j = Mi, for i G {1,2}, and hence Rcs^(E) = Ui ® U2. For j = l,...,ni we set 

bj := bj + M", and for j = 1, . . . ,n2 we set bj := bj + M" . Then ^1 := {bi, . . . ,6„J and 
©2 := {^i)---)^n2} are bases for Ui and J72, respectively. Furthermore, both Ui and ?72 are 
indecomposable. Namely, biy'^^^ = 5^ = Y^=i b2i 7^ so that Mi is not annihilated by y^+. 

I Y' I Y' 

In particular, FY \ Res-JJ (-^i)- Comparing dimensions, we deduce FY = Rcsw" (Mi). 

Y' 

In particular, Res-JJ (-^^1) and thus also Mi = Ui \s uniserial, hence indecomposable. The 
indecomposability of U2 is proved analogously. 

Next we show that 1^ is a vertex of both Ui and U2- For this, notice that possesses 
precisely three maximal subgroups, these are Zi := (^^1,(^^2)^), ^2 := {y'niy'n2^ iVnif') and 
■^3 ■= ((yni)^> ^712)- show that neither Ui nor U2 can be relatively .Zj-projective, for 
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i = 1,2,3. By Green's Indecomposability Theorem, it suffices to verify that Ui and U2 restrict 
indecomposably to each of these groups. We investigate Ui first. By definition, (y^j)^ ^^^^ 
trivially on Ui. That is, we may view Ui as a module for the factor group y'^ := Y^/ {{y'^^)'^) 
and show that it restricts indecomposably to each of the maximal subgroups of y'^. The 
latter are in natural bijection with the maximal subgroups of Y^[, thus are Zi = {y'„ J, Z2 = 
{yniVm) ^^'^ -^3 ~ ((^'11)^)^712)' where ^ : Y^[ — > Y^^ denotes the natural epimorphism. 
As we have already mentioned, Resy7 (C/i) = FY . Hence also Res^"(J7i) = FZi which is 
indecomposable. 

y' y' 

We consider Res^"(C/i) and Res^"(C/i). For convenience, we replace the F-basis *8i = 

{61, . . . of f/i by «8i := {61, . . • where 61 := 61, and 6^- := + for j = 2, . . . , m. 
In other words, 

n2/2-l 

'^3 = + H ^"l+l+2i + 
i=0 




if j is odd, 
if J is even. 



With this notation, we get 

^jKi = ^jl/ni = ^i+i> for j = 1, . . . , m - 1, 
t' -I _t! I _t' 

%y'n2 = %y'n2 =^b[, for j = 1, . . . , m. 

We set Y'I^^ := {y'^^), and notice that y'^^ < Z2 and F^^ < Z3. Since Res!^r (Ui) ^ FF^^, 
we also have ResI;; {Ui) = FY"^^ FF^^. More precisely, Res^S {Ui) = Vi®V2 where 
Vi := I i odd )ir and V2 := (6j | i even )f-, and the maps — > FY''^^, b'^i-i 1 — > y'n^ 

Consequently, 



and V2 — > -^^nii ' — ^ y'ni^ for i = l,...,ni/2, are isomorphisms of FF^j^-modules. 



End^^. (Res^, {U^)) ^ Mat{2, FY'^^^ 



1 

and we will from now on simply identify £ and Mat(2,Fy^J. Moreover, <f is a F^-algebra 
with respect to the conjugation action induced by the natural embedding FY'^^ — £. Via 

ni and y'^^ 



this embedding, the elements y'^ and y' correspond to the endomorphisms 



< I] and I 

respectively. Now y'^^ acts on i7i as 1 + = 1 + {y'ni)^ + Vm ' (^ni)^- Letting s := 

iy'ni)'^ G Soc(Fy„J, the elements y'^^ and y'n^y'n^ correspond to the endomorphisms 

'■= ( ~^ ^ ^ ^ ^ and ijj' :- 

respectively. 
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We now determine the elements in £ which are fixed by y' . These are precisely the elements 



in2 ■ 

7II 



in End^-2^^([/i). Let (f ^ £ such that ip = ^ J , for some a,b,c,d G FY'n-i- Then (p G 
End^;^g(C/i) if and only if ipij} = ipip, or equivalently, if (a + d)s = = (6 + c)s. That is, 

T := Endp,z^{Ui) = ^ ^^^(2' ^^nj \ {a + d)s = = {b + c)s| . 

Obviously, I := n Rad(Mat(2, Fy„J) is a nilpotent ideal in !F such that 

T/I = TjT n Rad(Mat(2, FF^J) ^ + Rad(Mat(2, FF|^J)/ Rad(Mat(2, FY'IJ) 
C Mat(2,FF^J/Rad(Mat(2,FF"j). 

Since FY"^^ is a local F-algebra, there is an isomorphism 

Mat(2,FF^J/Rad(Mat(2,FF^J) — > Mat(2,F). 

Moreover, since the annihilator of s in FY"^^ coincides with Rad(Fy"^), the above isomor- 
phism maps the algebra T jl onto 



'a b' 
c d , 



G Mat(2, F)\a = d,b = c\ ^ FC2. 



Y 

In consequence, T jl and thus also T = Endp,-^^([/i) is a local F-algebra, and Res-g:"(C/i) is 
indecomposable. 

Similarly, if G End^^^jl^i) ^'^d only if (pif)' = tp'if, or equivalently, if (a + (i)(s + 1) = 

(a + (i)(s + y^J = and c(s + 1) = b{s + y^J. Since both s + 1, s + y^j^ G -F'i^^^ are units, we 
get 

a b\ , , „— // ^ , , '—'2 I 



^' := End^^^(?7i) = <j ( ^ ^ ) G Mat(2, FY^J \a = d,c 



Let e = a ■ i '^l+^'-(?n |G T', for some a, 6 G FY'' , be an idempotent. Then 

\0 1/ \yni Oi 



shows that 6 = and = a 7^ is an idempotent in FY'^_^ . Since -F^:^" ^ is a local F-algebra 
we conclude that a = 1, thus we have e = 1, implying that = End^^jC^i) ^ local 

y' 

F-algebra as well, and Res^"([/i) is indecomposable. 

Therefore, we have now shown that Ui is an indecomposable Fy^-module with vertex y'^. 
This in turn implies that Ui, as FY^-module, is also indecomposable with vertex Y^ (cf. [12]). 
Replacing y^^ by y'^^, we deduce that also U2 has vertex Y^. □ 
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Proposition 7.2. Let rii = 2 and I = 3. Then E has vertex Qn and source ResQ^(i?). 

Proof. We first show that Res^(£') is indecomposable. For this, fix an indecomposable 

direct sum decomposition of Res^(-E). For j G {1,2}, by Proposition 14.31 there is precisely 
one indecomposable direct summand Vj in this decomposition which is not annihilated by 
y'^^. We denote the preimage of Vj under the natural epimorphism M' — > M' jM" by Vj. 

From 7+ G we, by Proposition [42l conclude that SocfRes?^ (£;)) < Vi + V2, so that 

RashiE) = Vi + V2. Hence it suffices to show that Vi = V2. 

Assume that Vi Vz. We first conclude from Lemma 17.11 that Res^ (E) = Vi ® V2 , where 
dim(l^) = Uj. As in the proof of Lemma lOl for j = 1,2,3, we use the FP„- epimorphism 
TTj : M — > M„ We show that (vri),,-, is surjective: We have V^^ < Rad(Res{); (M„,)), since 

otherwise taking w £ V2 such that w'^^ G M„, \ RadfReSv? )) yields w(y' + l)"i"^ = 

a'j^ G V2, for some / a G F, a contradiction. From V1 + V2 = M' we get {Vi + V2Y^ = , 
thus V^^ = Mn-^ . Hence from dim(Vi) = ni + 1 = dim(M„j ) + 1 we get dim(Vi fl ker(7ri)) = 1. 
We set vq := ^2 ~^ it ■ Then clearly vq G ker(7ri) and, since = 7^ + 7j^, we also have 
fo G Vi, thus Vi n ker(7ri) = {vo)p. 

Now there is some w £ Vi such that w'^'^ = 71 = 5i. We write w = 61 + Yl^=n +1 '^i^i with 
appropriate a„^+i, . . . ,an F. Then we have 

ni+7i2 

w ■= w{y'n^ + I) = ^ (oj + aj_i)(5i + (a„i+„2 + ani+Of^ni+i 

i=ni+2 

+ (a„_i + an){Sn~i + 6n) G Vi n ker(7ri). 

Since w G M', we have w ^ 0, hence we get w = avo, for some 7^ a G F, where we 
may suppose that a = 1. Thus we have Oj+i = Oj + 1 for all i G {ni + 1, . . . ,n — 3} and 
On = fln-i + 1- Hence adding a suitable multiple of vq we may assume that w = 5i + {b + 
l)'^n-i + b6n + Yl^=(^ ^ '^ni+i+2i, for some b £ F . Since Vi is an F(5„-module, we also have 

n2/2 

WWn2,2 = 5i + {b+ l)6n~l + 65n + ^ (^ni+2j = W + 7^ G Vi, 

i=l 

implying 7^ G Vi nker(7ri), a contradiction. Hence we have Vi =V2. 

It remains to show that Qn is a vertex of E. We follow the strategy given in Remark 11.31 
and assume that E is relatively -R-projective, for some maximal subgroup R < Qn- By 
Lemma [7?T] we have ResSrfVi) = Ui(BU2 where the Ui are indecomposable with vertex Y'. 

n 

Since Res^(-E') = Vi is indecomposable, we infer that < R. Thus, again by Lemma 

17.11 Res^"(yi) is either indecomposable or the direct sum of an indecomposable module of 
dimension ni and an indecomposable module of dimension 712 7^ rii, a contradiction. □ 

8 The case n/ = 2 and / = 2 

In order to complete the proof of Theorem ll.il we are now left with the case where I = 2 = ni 
which is treated in the following. 
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Proposition 8.1. Let ni = 2 and 1 = 2. Ifn>6 then E has vertex Qn and source ResQ^(i?). 

Proof. We follow the strategy given in Remark 11.31 and assume that E is relatively R- 
projective for some maximal subgroup R < Qn- Hence we have ($(Qn), Qn-4) < R and, in 
particular, Xn, = ^„ < ^{Qn) < R- Using = $(P„) = <^{Pm) and Q^x < Qn-4, 

Proposition 12.61 yields B'^_^ = Q:n^{Pni) < Qn-i^iQn) < R- Since Qn/B'^^ is elementary 
abelian of order 4, there are precisely three maximal subgroups of Qn containing B'^_^ = B'^: 

R'l ■■= Kiy'n,). R'2 ■■= K{Wn„l) = Qn„ R3 := B[,{w2,lW2,2) = {Bn X P2) H Qn- 

We next show that E restricts indecomposably to R'^ and R'2: By Remark 14.41 part (a), and 
using dixn{E) = ni = 2dim(FX„J we get ResJ^^ {E) ^ FXn^. Now let i G {1,2}, 

fix an indecomposable direct sum decomposition of Res^(£'), and assume that Res^(£') is 

decomposable. Hence ResSj'C-E') actually has two indecomposable summands, both of which 

are not annihilated by x^^. But, since R'f^'^^ = {wni,i), Remark 14.41 part (b), implies that 
there is precisely one such summand, a contradiction. Hence from this we also conclude that 
ResQ^(£') is indecomposable. 

It remains to show that E is not relatively i?3-projective. We claim that it suffices to show that 
E restricts indecomposably to H' := (Sm x Sin x S2) H 2t„. Namely, then E also restricts 

indecomposably to -ff' := ((Siu ^62) x S2)n2t„. Of course is relatively i?'-projective, hence 

E and Res^(£') have a common vertex. If E were relatively i?3-projective then Res^(ii^) 

would be relatively ff'-projective, a contradiction since \H' : H'\ = 2. 

Therefore, we now show that End^//'(£') is a local F-algebra so that Res^(£') is indecom- 
posable. Using the F-basis {71 + 7„, . . . , 7^^ + 7„} of D, we get 

Res|;^ xSni (^) = Afi © M2 = (m(^-1'^) MF)®(FM M^^^^'^)). 

Here F denotes the outer tensor product of the FS in -modules and 

2 

F. Furthermore, Mi has F-basis {71 + 7,1, ... ,7:11 +^n}j and M2 has F-basis {7!ii_,_i -|- 
7„, . . . ,7„^ +7n}- Both modules are indecomposable and uniserial with descending composi- 
tion factors 

(F,F»(^-^'i) KF,F) and {F, F m D^^-^''^\ F), 

respectively. Note that this also holds for n = 6, that is ni = 4, if we just let D^^^) := {0}. 
Now, since n > 6, we have ni > 8. Consequently Res^^ ^t^^ (D) = Mi ©M2, where Mi and 

M2, for ni > 8, are uniserial with descending composition factors 

Clii -1 11 f^-l 11 

(F,Fo2 ''MF,F) and (F, F K Fg ^ '',F), 

respectively. For m = 8 we have Soc(Mi) = Mi/Rad(Mi) = F and Rad(Mi)/ Soc(Mi) = 
(F^^'^^ © Fi^'^^) K F as well as Soc(M2) = m/Radim) = F and Rad(M2)/ Soc(M2) = 
FS (f|^'^^ ©Fi^'^^). Thus 
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has dimension 6, and F-basis {fi, . . . , ipe} where tpi and (p2 are the projections onto Mi and 
M2, respectively, cps annihilates M2 and maps Mi onto Soc(Mi), Lp^ annihilates Mi and maps 
M2 onto Soc(M2), annihilates M2 and maps Mi onto Soc(M2), (pe annihilates Mi and 
maps M2 onto Soc(Mi). That is, for ai, . . . , € F and v := Y17=i '^ii^i + 7n) ^ 
suppose that 



V 



f2 _ 



«l(7l+7n) + ---+«^^(7iy^ +7n)> 

a:^+i(7:y-+i +7n) + ••• + ani(7ni +7n)> 



2 ^ 2 

uV's = + + + + +7n))> 

v^^ = (a^^^ + ... + a„J((7i^+i+7„) + --- + (7„^ +7„)), 

U^'B = (ai + . . . + a2^)((7-L+i + 7n) + • • • + (7ni +7n))> 
^;^6 = (a + . . . + a„J((7i + 7n) + • • • + (7:^ + 7n))- 



The multiplication in £ is given by 



and any other product of two basis elements vanishes. Note that H := ©in x &ni x 62 = 

2 2 



(6:n X 6iii)((n- l,n)) and H' = (2l:u x )((1, 2)(^ + 1, ^ + 2), (1, 2)(n - l,n)). The 

algebra £ carries an iZ-algebra structure with respect to the conjugation action. We thus 
deduce that £ := EndpH/{E) = Endj7//(D), and £ consists of those ip € £ which are fixed 
under (n — l,n). Let now u G D be as above, and let ip := bnpi + • • • + bQipe G £ for some 
bi,...,bGeF. Then 



V^/V^ \/_ , _ \ i^iH \-(pQ 



v{n - l,n) = 2_^{2^aj){ji + jj = V 

Hence (p E £ ii and only if (p{(pi + • ■ ■ + fe) = {ipi + • • • + 'Pe)'^, or equivalently, if 61 = 62. 

We have thus shown that £ has dimension 5 and F-basis {ipi + ip2,(p3,(p4_,(p5,(p6}. Since £ 
is abelian and V'S) V'S) V'e are nilpotent, we also deduce that Rad(£^) has dimension 4. In 
particular, £ is local, and the assertion follows. □ 

(5 1) 

Remark 8.2. It remains to consider the case n = 6. Let E := E'^' '. In view of the 
above observations, we aim to show that E has vertex Q := (62 x ©2 x ©2) n Ste = 
((1,2)(3,4),(3,4)(5,6)) = V4 and sources of dimension 2: To this end, let Q < Qe ■= 
((1,3)(2,4),(1,2)(3,4),(3,4)(5,6)) < Sle, where Qe is a dihedral group of order 8. With 
respect to the basis {71 + 76, 72 + 76, 73 + 76; 74 + 76}, the action of Qq on E is given via the 
following matrices: 



(1,3)(2,4) 



/. . 1 A 
. . 1 

1 . ./ 
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(1,2)(3,4) 



/• 1 
1 . 



A 



1 



(3,4)(5,6) 



/. 1 1 l\ 
1.11 
111. 

VI 1 . V 



Let U! £ F he & primitive third root of unity, and consider the following F-subspaces of E: 

U := ((71 + Te) + w(74 + Te), (72 + 76) + ^^(73 + 76))f, 
y ■= ((73 + 76) + (^{72 + 76), (74 + 76) + t^(7i + 76))f- 

Then we have E = U Q)V as F-vector spaces, and the action of Qq on E, with respect to this 
new F-basis, is given via: 

/. . 1 A 

(1,3)(2,4) ^ 



(1,2)(3,4) 



/• 1 
1 . 



7 



(3,4)(5,6) 



2 



ijJ 



2 
LO 



UJ U. 

LO LO 



Thus both \J and V are FQ-submodules of F, and we have ResQ'(F) = \J ®V ^ where the socle 
of \J has dimension 1 so that U is indecomposable. Moreover, from ((1, 2)(3, 4))(^'^)(^'^) = 
(1,2) (3, 4) and 

((3,4)(5,6))(i'3){2,4) ^ (i,2)(5,6) = (1,2)(3,4) • (3,4)(5,6) 

we infer that Ind^''([/) = Res^^(F). Thus, by Green's Indecomposability Theorem, Res^g(F) 
is indecomposable, and E is relatively Q-projective. Moreover, each proper subgroup of Q is 
cyclic, and since E belongs to a block of FSlg with non-cyclic defect groups, E cannot have a 
cyclic vertex, by [5|. So Q and \J then have to be vertex and source, respectively, of E. □ 



9 Appendix 

We give a new corrected proof of [T3j Thm. 1.4(a), 1.5(a)]. For the case I = 2 and n/ = 2 we 
reuse the observations made in the proof of Proposition 18.11 where we actually have already 
chosen notation appropriately. 

Theorem 9.1. Let n he even, but not a 2-power. Then D has vertex Pn and source ReSp^(D). 

Proof. By |[131, Prop. 3.7], ReSp^(F') is indecomposable. We again follow the strategy given 
in Remark 11.31 Assume that R < Pn is a maximal subgroup such that D is relatively R- 
projective, and fix an indecomposable direct sum decomposition of Res ^"(£)). We have X„ < 
$(F„) < R. Moreover, we have Res|;;_^(L>) ^ d("-2:1). The latter, by [HI Thm. 1.2, 1.3], 
has vertex Pn-4 and trivial source. Thus we have Pn-4 < R- 

Let first ni > 2, or n; = 2 and I > 3; recall that / > 2 anyway. Then, in all these cases we 
have Pni < -Pn-4 < R, implying that R^^''^ = (wm,!)- Then by Remark [4.41 part (b), there is 
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precisely one indecomposable direct summand U in the decomposition which is not annihilated 
by x+ . Thus {FX^ © Res^^^^ (C/) imphes dimiJJ) > dim(Z))/2, a contradiction. 

Let now ni = 2 and / = 2. Then using ^{Pn) = ^(Pni) and P:h < Pn-i, Proposition 12.61 
yields i?„ = Bn^ = Pin $(Pni) < -fn-4*J'(Pn) < P- Since Pn/Bn is elementary abelian of order 
4, there are precisely three maximal subgroups of Pn containing these are Ri := Bn{y'n-^) 
and i?2 := BniVm) = -Pni and R3 := Bn{w2^2) = -Bn x ^2- With the notation as in the proof 
of Proposition l8.ll we have i?i nSl^ = R'i for i G {1, 2, 3}. Hence from the proof of Proposition 
18.11 we infer that D restricts indecomposably to Ri and R2. 

It remains to show that D is not relatively i?3-projective. As in the proof of Proposition 
18.11 it suffices to show that D restricts indecomposably to H := &^ xSih x 62- Namely, 

then D also restricts indecomposably to H := (©in I S2) x 62. Of course D is relatively H- 

projective, hence D and Res?"(L') have a common vertex. If D were relatively i?3-projective 

then Res^"(-D) would be relatively i?-projective, a contradiction since \H : H\ = 2. But now 

the proof of Proposition 18. II shows that £ = EndpniD) is a local F-algebra so that Res^"(D) 
indeed is indecomposable. □ 
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